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Motivations
B e e

Proving that the square of an even number is even:
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Motivations
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Proving that the square of an even number is even:

Take a number z.
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Motivations
B e e

Proving that the square of an even number is even:

Take a number z.

Suppose it is even.
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Motivations
B e e

Proving that the square of an even number is even:

Take a number z.
Suppose it is even.
Then it is the double of some number y. (x=2-vy)
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Motivations
B e e

Proving that the square of an even number is even:

Take a number z.

Suppose it is even.

Then it is the double of some number y. (r=2-y)

Then one can compute that the square of x is the double of the

double of the square of y. (22 =2-(2-9?))
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Motivations

Proving that the square of an even number is even:

Take a number z.
Suppose it is even.
Then it is the double of some number y. (r=2-y)

Then one can compute that the square of x is the double of the
double of the square of y. (22 =2-(2-9?))

Therefore the square of x is even.
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Motivations

Proving that the square of an even number is even:

Take a number z.

Suppose it is even.

Then it is the double of some number y. (r=2-y)
Then one can compute that the square of x is the double of the
double of the square of y. (22 =2-(2-9?))
Therefore the square of x is even.
QED.
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Motivations

Proving that the square of an even number is even:

Take a number z.

Suppose it is even.

Then it is the double of some number y. (r=2-y)
Then one can compute that the square of x is the double of the
double of the square of y. (22 =2-(2-9?))
Therefore the square of x is even.
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Motivations
B e e

V. Even(z) = FEven(x - x)
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Motivations
B e e

Even(z) = Even(z - )

V. Even(z) = FEven(x - x)
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Motivations
B e e

Even(x) (i)
Even(zx - x)
= - (i
Even(z) = Even(z - )
V. Even(z) = FEven(x - x)
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Motivations
B e e

Even(x) (i)
Va. (Jy. x = 2-y) = Even(z) (def)
Even(zx - x)
= - (i)
Even(z) = Even(z - )
V. Even(z) = FEven(x - x)
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Motivations
B e e

Even(x) (i)
Va. (Jy. x = 2-y) = Even(z) (def)
-e
(Fy. x-x=2-y) = Even(x - )
Even(zx - x)
= - (i)
Even(z) = Even(z - )
V. Even(z) = FEven(x - x)
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Motivations
B e e

Even(x) (i)
V. (Jy. x = 2-y) = Even(x) (def)
-e
Jy.z-x=2-y (Fy. x-x=2-y) = Even(x - )
= -e
Even(zx - x)
= - (i)
Even(z) = Even(z - )
V. Even(z) = FEven(x - x)
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Motivations
B e e

Vx. Even(z) = Jy. © = 2 - y (def)

Even(x) (i)
V. (Jy. x = 2-y) = Even(x) (def)
-e
Jy.z-x=2-y (Fy. x-x=2-y) = Even(x - )
= -e
Even(zx - x)
= - (i)
Even(z) = Even(z - )
V. Even(z) = FEven(x - x)
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Motivations

Vx. Even(z) = Jy. © = 2 - y (def)

-e
Even(z) (i) Even(z) = Jy. =2y
y Vr. (Jy. z =2-y) = Even(x) (def)
-e
Jy.z-x=2-y (Fy. x-x=2-y) = Even(x - )
= e
Even(zx - x)
= -i (i)
Even(z) = Even(x - x)
i
Vz. Even(z) = Even(x - x)
Guillaume Burel: LAC, 2007-02-09

: .
foria @
Unbounded Proof-Length Speed-up in Deduction Modulo 3/27 "“LG - /



Motivations

Vx. Even(z) = Jy. © = 2 - y (def)

Even(z) (i) Even(z) = Jy. =2y
= -e
Jy.z=2-y
y Vr. (Jy. z =2-y) = Even(x) (def)
-e
Jy.z-x=2-y (Fy. x-x=2-y) = Even(x - )
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Even(zx - x)
= -i O]
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Motivations

Vx. Even(z) = Jy. © = 2 - y (def)

Even(z) (i) Even(z) = Jy. =2y
= -€ = 5
yrxr=2-y
Je——m—
r=2-y
y Vr. (Jy. z =2-y) = Even(x) (def)
-e
Jy.z-x=2-y (Fy. x-x=2-y) = Even(x - )
= -e
Even(zx - x)
= -i O]
Even(z) = Even(x - x)
i
Vz. Even(z) = Even(x - x)
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Motivations

Vx. Even(z) = Jy. © = 2 - y (def)
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Motivations

Vx. Even(z) = Jy. © = 2 - y (def)

Even(z) (i) Even(z) = Jy. =2y
A 2
Y =<y
J-e —2
— 7
- r-x=2-(y-(2-y)) y Ve, (Jy. z =2-y) = Even(x) (def)
i -e
Jy.z-x=2-y (Fy. x-x=2-y) = Even(x - )
= -e
Even(zx - x)
= -i (i)
Even(z) = Even(x - x)
i
Vz. Even(z) = Even(x - x)
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Motivations

Even(z) (i)

Vz. Even(z) = 3y. © = 2 - y (def)

Even(z) = Jy.z =2y

zox=2(y-(2-y)
3-i
Jy.z-xz=2 -y
= -e

Va. (Jy. © =2 - y) = Even(x) (def)

V-e
(Fy. - o =2 y) = Even(z - x)

Even(z - x)
= - (i)
Even(z) = Even(z - x)

V-i

Vz. Even(z) = Even(zx - z)
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Motivations
B e e

Vz. Even(z) = Jy. © =2 - y (de

V-e
Even(z) (i) Even(z) = Jy.x =2y
= -e
Jy.z=2-y
3-e
x=2-y
Veyz (z-y)-z=z-(y-2)(ax)
z-xz=2-(y-(2-y)) Va.
FH— V-e —
Jy.z-z=2-y 3
= -e
Even(z - x)
= - (i)
Even(z) = Even(z - x)
V-i
Vz. Even(z) = Even(z - z)
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Vz. Even(z) = Jy. © =2 - y (de

V-e
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Motivations

Even(z) (i)

Vz. Even(z) = 3y. © = 2 - y (def)

Even(z) = Jy.z =2y

zox=2(y-(2-y)
3-i
Jy.z-xz=2 -y
= -e

Veyz.o=y=>y=z=x=2z(ax)

Va. (Jy. © =2 - y) = Even(x) (def)

V-e
(Fy. - o =2 y) = Even(z - x)

Even(z - x)
= - (i)
Even(z) = Even(z - x)

V-i

Vz. Even(z) = Even(zx - z)
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Motivations

Even(z) (i)
= -e

Vz. Even(z) = 3y. © = 2 - y (def)

Even(z) = Jy.z =2y

Jy.z=2-y
J-e
=2y

zox=2(y-(2-y)
3-i

Jy.z-xz=2-y
= -e

Veyz.o=y=>y=z=x=2z(ax)
V-e

zox=02-y)-2y=>02v) - Qy=2-(y-Qy))=>z-2=2

Va. (Jy. © =2 - y) = Even(x) (def)

V-e
(Fy. - o =2 y) = Even(z - x)

Even(z - x)
= - (i)
Even(z) = Even(z - x)

V-i

Vz. Even(z) = Even(zx - x)
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Motivations

Vz. Even(z) = 3y. © = 2 - y (def)

V-e
Even(z) (i) Even(z) = Jy.z =2y
= -e
dy.x=2-y
J-e
=2y Veyz.o=y=>y=z=x=2z(ax)
V-e

z-z=(2-y) (2-v) zox=02-y)-Q2y=>02v) - Qy=2-(y-Qy)=>z-2=2
= -e

2y)-Qy=2-(y-2-y)=z-2=2-(y- (2-y)

zox=2(y-(2-y)) V. (Jy. © =2 - y) = Even(x) (def)
3 — V-e

Jy.z-x=2-y (Fy. - o =2 y) = Even(z - x)
= -e

Even(z - x)

= -i (i)
Even(z) = Even(z - x)
V-i
Vz. Even(z) = Even(x - x)
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Motivations
B e e

Vz. Even(z) = 3y. © = 2 - y (def)

V-e
Even(x) (i) Even(z) = 3y. =2 -y
= -e
Jy.z=2-y
Je——
z=2-y Veyz.z=y=>y=2z=z=z(ax)
77V-e

z-x=(2-y) (2-v) zox=02-y)-2y=>02v) - Qy=2-(y-Qy))=>z-2=2"
= -e

™ 2y Qy=2-(y-Q2-yY)=z-z=2-(y (2-y)

z-x=2-(y-(2-y)) Vz. (3y. © =2 - y) = Even(x) (def)
3 — V-e

Jy.z-x=2-y By. z-x=2-y) = Even(z - x)
= -e

Even(z - x)
=i (i)
Even(z) = Even(z - x)

V-i
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Motivations
B e e

Deduction modulo

Computational part expressed as a rewrite system over term and
propositions
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Motivations
B e e

Deduction modulo

Computational part expressed as a rewrite system over term and
propositions
For instance
s(@) y—z-y+y
Even(z) — Jy.x=2-y
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Motivations

Deduction modulo

Computational part expressed as a rewrite system over term and

propositions
For instance
s(@)-y—x-y+y
Even(z) — Jy. z=2-y

Inferences performed modulo this congruence:

* *
Je —— A« 32.D and B+——{y/z}D
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Motivations
B e e

Even(z) (i)

) Even(z - x)
= - (i)
Even(z) = Even(x - x)

-i
Vz. Even(x) = Even(z - x)
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Motivations
B e e

. Even(z) (i) Fven(z) « = Jy. x=2-y

(if)

_ Even(z - x)
= - (i)
Even(z) = Even(z - x)

i
Vx. Even(x) = Even(z - )
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Motivations
B e e

. Even(z) (i) x =2y (ii) (i Even(z) <= Jy. 2 =2y

_ Even(z - x)
= - (i)
Even(z) = Even(z - x)

i
Vx. Even(x) = Even(z - )
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Motivations
B e e

Even(z) (i) =2y () - Buen(e) <oy x=2-y
ii .
x-x:Q.(Q.y.y) =2y x-c=2-(2-y-y)

J-e

. Even(z - x)
= - (i)
Even(z) = Even(x - x)

-i
Vz. Even(x) = Even(z - x)
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Motivations
B e e

Even(z) (i) r=2-y (i) Even(z) <= Jy. 2 =2y

x-x:Q.(Q.y.y) =2y x-c=2-(2-y-y)
i Bven(z-z)«—Jy.z-2=2-y
Even(z - x)
= -i 0]
Even(z) = Even(x - x)

J-e

i
Vx. Even(x) = Even(z - )
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Motivations

Theorem 1 (Buss (conjectured by Gédel)).

Let i > 0. Then there is an infinite family F ofH(lJ-formulas such
that

1. forall p e F, Z; - ¢
2. there is a fixed k € N such that for all o € F, Zi 11 Fraaps ©

steps
3. there is no fixed k € N such that for all ¢ € F, Z; big05s
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Motivations

Questions

Same proof length speed-up in deduction modulo ?
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Motivations

Questions

Same proof length speed-up in deduction modulo ?

Speed-up in arithmetic : due to computation or to deduction ?
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Speed-up in deduction modulo

Outline

Motivations

B Speed-up in deduction modulo
B Technical details

e Schematic systems

e Translations

B Speed-up in arithmetic and computation

B Conclusion
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Speed-up in deduction modulo
Reducing proof length in deduction modulo

Hide the computation part in the side conditions
= proofs are smaller

Take s(z) +y — = + s(y).

Hsteg @ +n = n + n in deduction modulo

step

n) steps

Va y. s(x)+y = 2+5(y) Fomysteps 20 =n +n in pure deduction

n = s(s(---(5(0))))
—_—

n times

Wiy,

MLofﬂa' %
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Technical details

Outline

Motivations

B Speed-up in deduction modulo
B Technical details

e Schematic systems

e Translations

B Speed-up in arithmetic and computation

B Conclusion
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Technical details Schematic systems
O s

Schematic systems

Buss theorem is true if proofs are done in
schematic systems

~ Hilbert-type systems

~ Frege systems
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Technical details Schematic systems

Metaformula

Definition 1 (Metaformulza).

First-order signature +
> metavariables o' (substituted by variables)
> term variables ¢ (substituted by terms)

» formula variables A(x1,...,xy,) (substituted by formulze)
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Technical details Schematic systems

Schematic System

Definition 2 (Schematic System).

Set of inference rules
bq,...,0,/¥V (O)

with ®1,...,®,, V metaformulae and C' side-condition of the form
o’ is not free in ®
77 is freely substitutable for o’ in ®

A proof consists of a sequence of formula where each formula is
derived from earlier formulae by substituting an inference rule.
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Technical details Schematic systems

Schematic System for it" Order Arithmetic

» Axiom schemata for classical logic with equality:
JA=B= A, JA= B= (AAB), /7% =10,
/Nad. A(ad) = A(r7) (77 is freely substitutable for o/ in A(a?))
etc.
» Inference rules for classical logic:
Modus Ponens A = B, A/B,
A= B(#)/A=Val. B(a?) (B is not free in A = Va/. B(a?))
» Robinson axioms /Va®. 0+ a® = af,
/va®30. s(a®) + B0 = s(a® + 3°), etc.
» Induction for all formulae of Z;:
JA(0) = (Y80 A(3) = A(s(5))) = VaP. A(a)
» Comprehension schema:
/it VI BI € ol Tt o A(B)  (provided af T is not free in A
for j <1
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Technical details Schematic systems
O s

Notations

ZiB; P

P is provable in this schematic system in at most & steps
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Technical details Schematic systems

Notations

ZiB; P

P is provable in this schematic system in at most & steps

Z; P
P is provable in natural deduction using as assumptions Robinson

axioms and a finite number of instances of Induction and
Comprehension schemata (for i-th order arithmetic)
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Technical details Schematic systems

Notations

ZiB; P

P is provable in this schematic system in at most k steps

Z; P
P is provable in natural deduction using as assumptions Robinson

axioms and a finite number of instances of Induction and
Comprehension schemata (for i-th order arithmetic)

Zi o P
P is provable in natural deduction modulo R using as assumptions
Robinson axioms and a finite number of instances of Induction and
Comprehension schemata
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Technical details

Translations

From Z; R to Z;

classical logic translated as in
[Gentzen, 1934]
Robinson axioms kept as assumption

Induction and comprehension | instances kept as assumptions
schemata (finite number in a proof)

Zi¥% P~ ZiVgy P
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Technical details Translations

From Z; N to Z;

Quite similar to the translation of a A-term into a term of
combinatory logic

(@]
; P P=Q=Pi:
For instance . P P if Qis
Bl — =P
Q=P @
actually not used as assumption
Zilf P~ Z; Py P
Guillaume Burel: LAC, 2007-02-09 R

goria @
Unbounded Proof-Length Speed-up in Deduction Modulo 17/27 ,"'Lo v/



Technical details

Translations

Simulating ¢ + 1-order using computations

Work of [Kirchner, 2006]:
Metaformula A(z1,...,x,) is replaced by a formula
(X1,...,2pn) €7

~: some term representing the formula substituted for A
For instance: P=(x =0V 3y. 2%y) ~

B = (2)e =(1,5(0) U P! (é“(S(l),1)>

Guillaume Burel: LAC, 2007-02-09 .,Lol‘ﬂﬁ' 1?}
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Technical details Translations

Rewriting classes
Terminating and confluent rewrite system:

tlnal)) — t e & (ty,tn)

— — tl[l]j Gj tg[l]j+1
V[t — t le AUB — leAVieB
Si(n)[t 7 1)) — n[l) le ANB — le ANl eB
s(n)[1]° — s(n[1]°) leADB — leA=1leB
(t1 +t)[1]° — t1[1]° + 2[1]° led — L
(t1 x )[1]° — t1[1]° x to[1]° le PI(A) — Jz.z:91le A
le = (t1,t2) — t1[l]° = to[1]° leCi(A) — Vo.z:lleA

() e Bp = (the =(1,5(0) L P (£°5(1),1))

Guillaume Burel: LAC, 2007-02-09 ‘,Lol‘ﬂﬁ :V
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Technical details Translations

Rewriting classes
Terminating and confluent rewrite system:

tlnal)) — t e & (ty,tn)

— — tl[l]j Gj tg[l]j+1
V[t — t le AUB — leAVieB
Si(n)[t 7 1)) — n[l) le ANB — le ANl eB
s(n)[1]° — s(n[1]°) leADB — leA=1leB
(t1 +t)[1]° — t1[1]° + 2[1]° led — L
(t1 x )[1]° — t1[1]° x to[1]° le PI(A) — Jz.z:91le A
le = (t1,t2) — t1[l]° = to[1]° leCi(A) — Vo.z:lleA

() e Bp = (the =(1,5(0) U P (£°5(1),1))

Guillaume Burel: LAC, 2007-02-09 ‘,Lol‘ﬂﬁ :V
Unbounded Proof-Length Speed-up in Deduction Modulo 19/27 ¢ P



Technical details Translations

Rewriting classes
Terminating and confluent rewrite system:

tlnal)) — t e & (ty,tn)

— — tl[l]j Gj tg[l]j+1
V[t — t le AUB — leAVieB
Si(n)[t 7 1)) — n[l) le ANB — le ANl eB
s(n)[1]° — s(n[1]°) leADB — leA=1leB
(t1 +t)[1]° — t1[1]° + 2[1]° led — L
(t1 x )[1]° — t1[1]° x to[1]° le PI(A) — Jz.z:91le A
le = (t1,t2) — t1[l]° = to[1]° leCi(A) — Vo.z:lleA

(t) e Bp > () e = (1,5(0)) v (1) e P (£%(S(1), 1)

Guillaume Burel: LAC, 2007-02-09 ‘,Lol‘ﬂﬁ :V
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Technical details Translations

Rewriting classes
Terminating and confluent rewrite system:

tlnal)) — t e & (ty,tn)

— — tl[l]j Gj tg[l]j+1
V[t — t le AUB — leAVieB
Si(n)[t 7 1)) — n[l) le ANB — le ANl eB
s(n)[1]° — s(n[1]°) leADB — leA=1leB
(t1 +t)[1]° — t1[1]° + 2[1]° led — L
(t1 x )[1]° — t1[1]° x to[1]° le PI(A) — Jz.z:91le A
le = (t1,t2) — t[1]° =£[1]° leCl(A) — Vo.xz:7leA

(t) e Bp = () e = (1,5(0) v (1) e P (£%(S(1), 1))

Guillaume Burel: LAC, 2007-02-09 ‘,Lol‘ﬂﬁ :V
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Technical details Translations

Rewriting classes
Terminating and confluent rewrite system:

tlnal)) — t e & (ty,tn)

— — tl[l]j Gj tg[l]j+1
V[t — t le AUB — leAVieB
Si(n)[t 7 1)) — n[l) le ANB — le ANl eB
s(n)[1]° — s(n[1]°) leADB — leA=1leB
(t1 +t)[1]° — t1[1]° + 2[1]° led — L
(t1 x )[1]° — t1[1]° x to[1]° le PI(A) — Jz.z:91le A
le = (t1,t2) — t1[l]° = to[1]° leCi(A) — Vo.z:lleA

(t) e Ep 11t = SO v (1) e P* (£°(S(1), 1))

Guillaume Burel: LAC, 2007-02-09 ‘,Lol‘ﬂﬁ :V
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Technical details Translations

Rewriting classes
Terminating and confluent rewrite system:

tlnal)) — t e & (ty,tn)

— — tl[l]j Gj t2[l]j+1
Uty — t le AUB — leAVieB
Si(n)[t 7 1)) — n[l) le ANB — le ANl eB
s()[1° — s(n[1]°) leADB — leA=1leB
(t1 +t)[1]° — t1[1]° + 2[1]° led — L
(t1 x )[1]° — t1[1]° x to[1]° le PI(A) — Jz.z:91le A
le = (t1,t2) — t1[l]° = to[1]° leCi(A) — Vo.z:lleA

(t) e Ep 101 = SO v (1) e P* (£(S(1), 1))

Guillaume Burel: LAC, 2007-02-09 ‘,Lofﬁﬁ' y
Unbounded Proof-Length Speed-up in Deduction Modulo 19/27 ¢ P



Technical details Translations

Rewriting classes
Terminating and confluent rewrite system:

tlnal)) — t e & (ty,tn)

A il — — tl[l]j < tg[l]j+1
VY -t le AUB — leAVieB
SI(n)[t 217 — nfl) le ANB — le ANleB
s(n)[1]° — s(n[1]°) leADB — leA=1leB
(t1+)° — ta[1]° + t2[1]° led) — L
(t1 x )[1]° — t1[1]° x to[1]° lePI(A) — 3w x:dleA
le = (t1,t2) — t1[l]° = t2[1]° leCl(A) — Vo.xz:7leA
(t) e Bp =t = SO v (1) e P*(£(5(1).1))
Guillaume Burel: LAC, 2007-02-09

goria &
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Technical details Translations

Rewriting classes
Terminating and confluent rewrite system:

tlnal)) — t e & (ty,tn)

A il — — tl[l]j < t2[l]j+1
VY -t le AUB — leAVieB
SI(n)[t =2 17 — nfl) le ANB — le ANleB
s()[1° — s(n[1]°) leADB — leA=1leB
(t1+)° — ta[1]° + t2[1]° led) — L
(t1 x )[1]° — t1[1]° x to[1]° lePI(A) — 3w x:dleA
le = (t1,t2) — t1[l]° = t2[1]° leCl(A) — Vo.xz:7leA
(t) e Bp—t = S(O0)1] v (1) e P*(£%(5(1),1))
Guillaume Burel: LAC, 2007-02-09

43 3,
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Technical details Translations

Rewriting classes
Terminating and confluent rewrite system:

tlnal)) — t e & (ty,tn)

A il — — tl[l]j < t2[l]j+1
VY -t le AUB — leAVieB
SI(n)[t 1) — nll)Y le ANB — le ANleB
s()[1° — s(n[1]°) leADB — leA=1leB
(t1 +t)[1]° — t1[1]° + 2[1]° led — L
(t1 x )[1]° — t1[1]° x to[1]° lePI(A) — 3w x:dleA
le = (t1,t2) — t1[l]° = t2[1]° leCl(A) — Vo.xz:7leA
(t) € Bp—t=0[nil] v (t) e PL(€°(5(1),1))
Guillaume Burel: LAC, 2007-02-09
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Technical details Translations

Rewriting classes
Terminating and confluent rewrite system:

tlnal)) — t e & (ty,tn)

A il — — tl[l]j < t2[l]j+1
VY -t le AUB — leAVieB
SI(n)[t 217 — nfl) le ANB — le ANleB
s()[1° — s(n[1]°) leADB — leA=1leB
(t1 +t)[1]° — t1[1]° + 2[1]° led — L
(t1 x )[1]° — t1[1]° x to[1]° lePI(A) — 3w x:dleA
le = (t1,t2) — t1[l]° = t2[1]° leCl(A) — Vo.xz:7leA
(t) € Bp—t=0[nil] v (t) e PL(€°(5(1),1))
Guillaume Burel: LAC, 2007-02-09
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Technical details Translations

Rewriting classes
Terminating and confluent rewrite system:

tlnal}) — t e & (ty,tn)

A il — — tl[l]j < tg[l]j+1
VY -t le AUB — leAVieB
SI(n)[t 217 — nfl) le ANB — le ANleB
s(n)[1]° — s(n[1]°) leADB — leA=1leB
(t1 +t)[1]° — t1[1]° + 2[1]° led — L
(t1 x )[1]° — t1[1]° x to[1]° lePI(A) — 3w x:dleA
le = (t1,t2) — t1[l]° = t2[1]° leCl(A) — Vo.xz:7leA
(t) e Bp—t=0 v (1) e P (€°(5(1), 1))
Guillaume Burel: LAC, 2007-02-09
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Technical details Translations

Rewriting classes
Terminating and confluent rewrite system:

tlnal)) — t e & (ty,tn)

nilp - Y & Ly

VY -t le AUB — leAVieB
SI(n)[t 217 — nfl) le ANB — le ANleB
s()[1° — s(n[1]°) leADB — leA=1leB

(t1+)° — ta[1]° + t2[1]° led) — L
(t1 x )[1]° — t1[1]° x to[1]° lePI(A) — Fw.x:dleA
le = (t1,t2) — t1[l]° = t2[1]° leCl(A) — Vo.xz:7leA

(t) e B5 51 =0 V (1) e P! (éO(S(l), 1))
Guillaume Burel: LAC, 2007-02-09
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Technical details Translations

Rewriting classes
Terminating and confluent rewrite system:

tlnal)) — t e & (ty,tn)

ity — &
VY -t le AUB — leAVieB
SI(n)[t 217 — nfl) le ANB — le ANleB
s()[1° — s(n[1]°) leADB — leA=1leB
(t1 +t)[1]° — t1[1]° + 2[1]° led — L
(t1 x )[1]° — t1[1]° x to[1]° lePI(A) — Fw.x:dleA
le = (t1,t2) — t1[l]° = t2[1]° leCl(A) — Vo.xz:7leA
) e BEp 5t =0 Vv Ty (y ') e €2(5(1),1)
Guillaume Burel: LAC, 2007-02-09
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Technical details Translations

Rewriting classes
Terminating and confluent rewrite system:

tlnal)) — t le & (ty,tn)

A il — — tl[l]j < t2[l]j+1
VY -t le AUB — leAVieB
SI(n)[t 217 — nfl) le ANB — le ANleB
s()[1° — s(n[1]°) leADB — leA=1leB
(t1 +t)[1]° — t1[1]° + 2[1]° led — L
(t1 x )[1]° — t1[1]° x to[1]° lePI(A) — 3w x:dleA
le = (t1,t2) — t1[l]° = t2[1]° leCl(A) — Vo.xz:7leA
) e B5 5t =0 v Jy. (y=t) e €9(5(1),1)
Guillaume Burel: LAC, 2007-02-09

43 5
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Technical details Translations

Rewriting classes
Terminating and confluent rewrite system:

tlnal)) — t e & (ty,tn)

i) — — I} € [Pt
VY -t le AUB — leAVieB
SI(n)[t 217 — nfl) le ANB — le ANleB
s()[1° — s(n[1]°) leADB — leA=1leB
(t1 +t)[1]° — t1[1]° + 2[1]° led — L
(t1 x )[1]° — t1[1]° x to[1]° lePI(A) — 3w x:dleA
le = (t1,t2) — t1[l]° = t2[1]° leCl(A) — Vo.xz:7leA
{t) e B “5t=0 Vv Jy. SN[y = t] € 1[y =: 1]
Guillaume Burel: LAC, 2007-02-09
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Technical details Translations

Rewriting classes
Terminating and confluent rewrite system:

tlnal)) — t e & (ty,tn)

A il — — tl[l]j < t2[l]j+1
VY -t le AUB — leAVieB
SI(n)[t =2 17 — nfl) le ANB — le ANleB
s()[1° — s(n[1]°) leADB — leA=1leB
(t1 +t)[1]° — t1[1]° + 2[1]° led — L
(t1 x )[1]° — t1[1]° x to[1]° lePI(A) — 3w x:dleA
le = (t1,t2) — t1[l]° = t2[1]° leCl(A) — Vo.xz:7leA
{t) e B “5t=0 Vv Jy. S(1)[y = t] € 1[y =: 1]
Guillaume Burel: LAC, 2007-02-09

43 Wiy,
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Technical details Translations

Rewriting classes

Terminating and confluent rewrite system:

tnil) -t Le &ty t) — ti[l)f € to[iit?
VY -t le AUB — leAVieB
SI(n)[t 217 — nfl) le ANB — le ANleB
s(n)[l]° — s(n[]°) le ADB — leA=1eB
(tl —l—tz)[l]o — tl[l]o—l-tz[l]o le) — L
(t1 x L)[1]° — t1[1]° x to[1]° lePI(A) — Fw.x:dleA
le = (tl,tz) — tl[l]o Itz[l]o le CJ(A) — V. z Zij le A
{t)e B "5t=0 Vv Jy. 1[t] € 1y 1 1]
Guillaume Burel: LAC, 2007-02-09
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Technical details Translations

Rewriting classes

Terminating and confluent rewrite system:

tnil) -t Le &ty t) — ti[l)f € to[iit?
VY -t le AUB — leAVieB
SI(n)[t 217 — nfl) le ANB — le ANleB
s(n)[l]° — s(n[]°) le ADB — leA=1eB
(tl —l—tz)[l]o — tl[l]o—l-tz[l]o le) — L
(t1 x L)[1]° — t1[1]° x to[1]° lePI(A) — Fw.x:dleA
le = (tl,tz) — tl[l]o Itz[l]o le CJ(A) — V. z Zij le A
{t)e B "5t=0 Vv Jy. 1[t] € 1y 1 1]
Guillaume Burel: LAC, 2007-02-09

43 3,
goria ¥
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Technical details Translations

Rewriting classes

Terminating and confluent rewrite system:

tnil) -t Le &ty t) — ti[l)f € to[iit?
AR le AUB — leAVieB
SI(n)[t 217 — nfl) le ANB — le ANleB
s(n)[l]° — s(n[]°) le ADB — leA=1eB
(t1+82)[1° — ta[l]° + 2[1]° led) — L
(t1 x L)[1]° — t1[1]° x to[1]° lePI(A) — Fw.x:dleA
le = (tl,tz) — tl[l]o :tz[l]o le CJ(A) — Vx. x Zij le A
{t) e BR "5t=0V Jy. t €1y :: 1]
Guillaume Burel: LAC, 2007-02-09
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Technical details Translations

Rewriting classes

Terminating and confluent rewrite system:

tnil) -t Le &ty t) — ti[l)f € to[iit?
VY -t le AUB — leAVieB
SI(n)[t 217 — nfl) le ANB — le ANleB
s(n)[l]° — s(n[]°) le ADB — leA=1eB
(t1+82)[1° — ta[l]° + 2[1]° led) — L
(t1 x L)[1]° — t1[1]° x to[1]° lePI(A) — Fw.x:dleA
le = (tl,tz) — tl[l]o Itz[l]o le CJ(A) — V. z Zij le A
{ty e B 5t=0 Vv Jy. telly: 1
Guillaume Burel: LAC, 2007-02-09
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Technical details Translations

Rewriting classes

Terminating and confluent rewrite system:

tnil) -t Le &ty t) — ti[l)f € to[iit?
AR le AUB — leAVieB
SI(n)[t 217 — nfl) le ANB — le ANleB
s(n)[l]° — s(n[]°) le ADB — leA=1eB
(t1 + t2)[1]° — t1[1° + t2[1]° led — L
(tl X tz)[l]o — tl[l]O X tg[l]o le PJ(A) — dz. x Zij le A
le = (tl,tz) — tl[l]o :tz[l]o le CJ(A) — Vz. x Zij le A
{ty e B 5t=0V Jy. tey
Guillaume Burel: LAC, 2007-02-09
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Technical details Translations

Rewriting classes

Terminating and confluent rewrite system:

tnil) -t Le &ty t) — ti[l)f € to[iit?
VY -t le AUB — leAVieB
SI(n)[t 217 — nfl) le ANB — le ANleB
s(n)[l]° — s(n[]°) le ADB — leA=1eB
(t1+82)[1° — ta[l]° + 2[1]° led) — L
(t1 x L)[1]° — t1[1]° x to[1]° lePI(A) — Fw.x:dleA
le = (tl,tz) — tl[l]o :tz[l]o le CJ(A) — Vx. x Zij le A
t)e By "5t=0V Jy.tcy = {t/z}P
Guillaume Burel: LAC, 2007-02-09
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Technical details Translations
O s

From axiom schemata to axioms

A0) = (VB°. A(B%) = A(s(8%))) = VaP. A(a?)
becomes
VA.(0) € v° = (VB2 (8% e v° = (s(8%)) € 7°) = VaP. (a°) e ¢ (1A)

A(0) = (VB°. A(B%) = A(s(8%))) = VaP. A(a?)
(for all ¢, (t) e E% — A(t))

Guillaume Burel: LAC, 2007-02-09 P
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Technical details Translations
O s

From axiom schemata to axioms

A0) = (VB°. A(B%) = A(s(8%))) = VaP. A(a?)
becomes
VA.(0) € v° = (VB2 (8% e v° = (s(8%)) € 7°) = VaP. (a°) e ¢ (1A)

A(0) = (VB°. A(B%) = A(s(8%))) = VaP. A(a?)
(for all ¢, (t) e E% — A(t))

New axioms IA and CA.

Guillaume Burel:

Unbounded Proof-Length Speed-up in Deduction Modulo



Technical details Translations

From Z;.1 2 to Z; I'—\IR

(3

Instance of axiom schemata for ¢ + 1-th order arithmetic can be
simulated by axioms, using the modulo.

Zi1 B P~ Zi TA,CA INO—(,C)R_ P

Guillaume Burel: LAC, 2007-02-09
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Speed-up in arithmetic and computation

Outline

Motivations

B Speed-up in deduction modulo
B Technical details

e Schematic systems

e Translations

B Speed-up in arithmetic and computation

B Conclusion
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Speed-up in arithmetic and computation

Adding computation creates a speed-up

Theorem 2.
For all i > 0, there is a rewrite system R; such that there is an
infinite family F such that

1. foralPeF, Z;N p

2. there is a fixed k € N such that for all P € F, Z; %tepsn p

3. there is no fixed k € N such that for all P € F, Z; N___p

k steps

Guillaume Burel: LAC, 2007-02-09 (!fﬂa y
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Speed-up in arithmetic and computation
O s

Proof.
r=IACA
P=JIA=CA=P

Guillaume Burel: LAC, 2007-02-09 M \}2
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Speed-up in arithmetic and computation
O s

Proof.
r=IACA
P=JIA=CA=P

Zit1 % P
Theo. 1 |

Zi— P

Guillaume Burel: LAC, 2007-02-09 e ?2
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Speed-up in arithmetic and computation
O s

Proof.
r=IACA
P=JIA=CA=P

ZignBe P o~ Zy Tl P
Theo. 1 |

Zi— P
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Speed-up in arithmetic and computation
O s

Proof.
r=IACA
P=JIA=CA=P

Zi+1 % P ~> Z;, T 'NTRZ P ~ Z |'\I|{_+2R P’
Theo. 1 |
Z;P— P

Guillaume Burel: LAC, 2007-02-09 iz &
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Speed-up in arithmetic and computation
O s

Proof.
r=IACA
P=JIA=CA=P

Zi+1 'ST P ~ Zi, T 'NTRZ P ~ Z |N—+2R P’

Theo. 1 |

zip—p ~  zN—p

Guillaume Burel: LAC, 2007-02-09 iz &
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Speed-up in arithmetic and computation
O s

Proof.
r=IACA
P=JIA=CA=P

Zi—l—l 'ST P ~ Zi, T 'NTRZ P ~ Z |N—+2R P’

Theo. 1 |

Zit—p ~ zIN_Pp

Guillaume Burel: LAC, 2007-02-09 iz &
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Speed-up in arithmetic and computation
O s

Proof.
r=IACA
P=JIA=CA=P

ZinB P~ ZyTlen P~ Zi"\}{_JrzR,P'

1

Theo. 1 |

zie—p ~ zN_—p ~ zNPp

Guillaume Burel: LAC, 2007-02-09
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Speed-up in arithmetic and computation
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Proof.
r=IACA
P=JIA=CA=P

ZinB P~ ZyTlen P~ Zi"\}{_JrzR,P'

1

Theo. 1 |
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Speed-up in arithmetic and computation
O s

Proof.
r=IACA
P=JIA=CA=P

Zin P~  ZiTWgp, P~ Zifggg P

Theo. 1 |

Zip—pr ~ ZiTNZP ~ zHP
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Speed-up in arithmetic and computation
O s

Proof.
r=IACA
P=JIA=CA=P

ZinB P~ ZiTlen, P~ Zilemn P
Theo. 1 |
Zile=m P X ZiTBm P o~ Zi P
O
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Speed-up in arithmetic and computation
O s

Proof.
r=IACA
P=JIA=CA=P

Zin P~  ZiTWgp, P~ Zifggg P
Theo. 1 |
Zi¥r P X ZiTlgm P~ ZiRp P
t
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Speed-up in arithmetic and computation
O s

Proof.
r=IACA
P=JIA=CA=P

ZiBr P~ Zi,r'NTRiP ~ Zi”\II{—-i-zR, P’

Theo. 1 |
S ~ N N
Zifgp b X ZTPgm P~ Zifg P
OJ
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Speed-up in arithmetic and computation

Linear simulation of Z;.1 in Z; modulo

Theorem 3.

For all i > 0, there exists a (finite) rewrite system R; and a finite
set of axioms I such that for all formulze P, if Z;11 I&k P then
Zi,T oty g, P-
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Speed-up in arithmetic and computation

Linear simulation of Z; 1 in Z; modulo

Theorem 3.

For all i > 0, there exists a (finite) rewrite system R; and a finite
set of axioms I such that for all formulae P, if Z; 1 % P then
Zi, T Wty = P

Proof.

R; defined as before

r=I1A,CA

Replace the instances of axiom schemata by the axioms with
classes. ]
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Conclusion

Difference between ¢ + 1-th and ¢-th order arithmetic : expressed
as a confluent and terminating rewrite system
The length of the deduction part of the proofs remains the same
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Conclusion

Difference between ¢ + 1-th and ¢-th order arithmetic : expressed
as a confluent and terminating rewrite system
The length of the deduction part of the proofs remains the same

Next step: difference between higher order logic and first order

logic modulo
HOL simulated by HOL-\o [Dowek et al., 2001]
every PTS ! AN modulo  [Cousineau and Dowek, 2006]
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Conclusion
B e e

Available at http://www.lix.polytechnique.fr/Labo/
Florent.Kirchner/doc/fotc2006.pdf.
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