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Motivations
Many di�erent aluli with ES developed in the literature : a needto stand bak in order to related �rst formalisms with lastresults/tehnology.
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A �rst attempt

Syntax for λx-terms :
t, u ::= x | (t u) | λx.t | t[x/u]Redution system :

(λx.t) u →B t[x/u]

(t u)[x/v] →x (t[x/v] u[x/v])

(λy.t)[x/v] →x λy.t[x/v] if y /∈ fv(v) & x 6= y

x[x/u] →x u

t[x/u] →x t if x /∈ fv(t)
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Some observations� This is the minimal behaviour we an expet to implementsubstitution.� No modelisation of simultaneous substitution.� Lambda are rossed by substitutions and named variables areused, so α-equivalene is needed.� Di�erent syntax or restrited notions of redution whih do notrequire α-onversion are more adapted for implementation.
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Expliit substitution researh

de Bruijn'72, Curien'83, Ehrhard'88, Field'90, Revesz'88,Cardelli'89, Abadi'89, Lévy'89Starting from 1989 :Ayala, Bloo, Bonelli, de Paiva, David, Dougherty, Dowek, Ferreira,Geuvers, Goubault, Guillaume, Hardin, Herbelin, Hirshko�,Kamareddine, Kesner, Kirhner, Lang, Lengrand, Lesanne,Makie, Melliès, Nadathur, Pagano, Pfenning, Puel, Ríos, Ritter,Rose, Stehr, Tasistro, van Oostrom, . . .
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Why so muh aluli ?

We expet these aluli to enjoy some properties :CR, SN, PSN, SIM, FC
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In more detail

Take
Z : a alulus to handle expliit substitutions/ressoures

B : some rules to start omputationWe will onsider di�erent redution relations
λZ = B ∪ Z.
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In more detail

(CR) Con�uene on metaterms :If v ∗
λZ
← t →∗

λZ
uThen v →∗

λZ
t′ ∗

λZ
← u(SIM) Simulation of one-step β-redution :Let T : λ 7→ λZ . If t→β t′, then T (t)→∗

λZ
T (t′).(FC) Implementation of full omposition :Any term of the form t[y/v] an be λZ -redued to t{y/v}.
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(SN) Strong Normalisation :If t is well-typed in an appropriate type system, then there is noin�nite λZ-redution sequene starting at t.(PSN) Preservation of Strong Normalisation :Let T : λ 7→ λZ . If t is β-strongly normalising, then T (t) is

λZ -strongly normalising.
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Summary of properties

Calulus CR SN PSN SIM FC

λυλsλtλuλxλdλdnλeλf No Yes Yes Yes No

λσλσSP No No No Yes Yes

λσ⇑λseλL Yes No No Yes Yes

λζ Yes Yes Yes No No

λl Yes Yes Yes Yes No

λlxr ? Yes Yes Yes Yes

λlxr is ombinatorial omplex : 6 equations and 19 rules ! 9



Why λlxr enjoys all the good properties weexpet ?Whih is the essential omputationaldynamis of λlxr ?What is the logial meaning of a soundexpliit substitution aluli ?
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Typed λx (revisited)

x : A ⊢ x : A
(ax)

Γ, x : A ⊢ t : B

Γ ⊢ λx.t : A→ B
(→ i1)

Γ ⊢ t : B

Γ ⊢ λx.t : A→ B
(→ i2)

Γ ⊢ t : B → A ∆ ⊢ u : B

Γ ⊎∆ ⊢ (t u) : A
(→ e)

Γ ⊢ u : B ∆, x : B ⊢ t : A

Γ ⊎∆ ⊢ t[x/u] : A
(cut1)

Γ ⊢ u : B ∆ ⊢ t : A

Γ ⊎∆ ⊢ t[x/u] : A
(cut2)

We denote by Γ ⊢λrx t : A the derivability/typing relation. 11



A re�ned notion of redution

(λx.t) u →B t[x/u]

x[x/u] →rx u

t[x/u] →rx t if x /∈ fv(t)

(λy.t)[x/v] →rx λy.t[x/v] if y /∈ fv(v) & x 6= y

(t u)[x/v] →rx (t[x/v] u[x/v]) if x ∈ fv(t) & x ∈ fv(u)

(t u)[x/v] →rx (t u[x/v]) if x /∈ fv(t) & x ∈ fv(u)

(t u)[x/v] →rx (t[x/v] u) if x ∈ fv(t) & x /∈ fv(u)

t[x/u][y/v] →rx t[y/v][x/u[y/v]] if y ∈ fv(u) & y ∈ fv(t)

t[x/u][y/v] →rx t[x/u[y/v]] if y ∈ fv(u) & y /∈ fv(t)
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Operational semantis for λrx

First de�ne a natural equivalene for λrx :

t[x/u][y/v] ≡ t[y/v][x/u] if y /∈ fv(u) & x /∈ fv(v)

Then de�ne a redution relation modulo as follows :

t→λrx t′ i� t ≡ u→B∪rx u′ ≡ t′
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Coming bak to the summary

Calulus CR SN PSN SIM FC

λυλsλtλuλxλdλdnλeλf No Yes Yes Yes No

λσλσSP No No No Yes Yes

λσ⇑λseλL Yes No No Yes Yes

λζ Yes Yes Yes No No

λl Yes Yes Yes Yes No

λlxr ? Yes Yes Yes Yes

λrx Yes Yes Yes Yes Yes
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Fragility of omposition : how PSN/SN an be lost

Consider the weaker rule
t[x/u][y/v] → t[x/u[y/v]] if y /∈ fv(t)instead of our rule
t[x/u][y/v] → t[x/u[y/v]] if y /∈ fv(t) & y ∈ fv(u)Mèllies has shown that there is a typable term that admits anin�nite redution sequene in the system ontaining the → rule.
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Connetions with Linear Logi

Control of ressoures in Linear Logi/Languages� In logi : every hypothesis must be onsumed exatly one in aproof (two ourrenes of A annot be derived from just one).� In a programming language : it is not possible to dupliatevariables.
A larger fragment, alled Multipliative Exponential Linear Logi(MELL), is able to enode intuitionisti and lassial logis so thatweakening/erasure and ontration/dupliation beome expliitoperations.
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Multipliative Exponential Linear Logi (Girard)The set of formulae is de�ned by the following grammar :

A,B ::= p | p⊥ | ?A | !A | A ⊗ B | A O BLinear negation of formulae is de�ned by

p⊥ := p⊥ (?A)⊥ := !(A⊥) (A ⊗ B)⊥ := A⊥
O B⊥

(p⊥)⊥ := p (!A)⊥ := ?(A⊥) (A O B)⊥ := A⊥ ⊗ B⊥

Proofs an be denoted for example byTrees of sequents whih ontain too many syntati details, or byProof-nets whih eliminate unneessary bureauray
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Proof-Nets - SyntaxAxiom and Cut :
ax

A A⊥

A ∆A⊥utΓ
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Proof-Nets - SyntaxContration and Weakening :
Γ ?A ?A

?A

C Γ ?A

W
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Proof-Nets - SyntaxDerelition and Box :
Γ A

?A

D A

!A

?Γ

?Γ
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Proof-Nets - SyntaxPar and Times :
Γ BA

AOB

BA

A ⊗ B

Γ ∆
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Proof-Nets - The redution relation

� Redution rules are used to perform ut elimination.� Equivalene equations are used to identify proofs that only di�erin strutural details.The resulting redution relation is written R/E.
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From λrx-terms to MELL proof-nets

Enoding a λrx into a MELL_∗ Type Formula

T (_) Typed Term Proof-net
Γ ⊢ t : A

?(Γ∗⊥)

T (t)

A∗
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Enoding types
A∗ := A if A is an atomi type

(A→ B)∗ := ?((A∗)⊥) O B∗
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Enoding Typing Derivations - some examples

T (x : A ⊢ x : A) is
D

ax

A∗

A∗⊥

?A∗⊥
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T (Γ ⊢ λx.t : B → C) where x ∈ fv(t) is
?Γ∗⊥

B∗ ?C∗⊥

B∗
O?C∗⊥

T (t)
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T (Γ ⊢ λx.t : B → C) where x /∈ fv(t) is
?Γ∗⊥ B∗ ?C∗⊥

B∗
O?C∗⊥

T (t) W
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T (Π,Γ,∆ ⊢ t[x/u] : A) where x ∈ fv(t) is
C

T (t)

T (u)

A∗

?Π∗⊥ ?Γ∗⊥

?Γ∗⊥

?Γ∗⊥

!B∗

?B∗⊥

?∆∗⊥

?Γ∗⊥B∗ ?∆∗⊥
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Some redution rulesDerease the omplexity of the ut-formula

A B A⊥ B⊥ →

AOB A⊥ ⊗ B⊥

ut ut utA B A⊥ B⊥
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Erase a box
W

ut?A

A⊥

!A⊥

?Γ

→

?Γ ?Γ

W
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Dupliate a box
C

ut

?A ?A

?A

?Γ
→

?Γ!A⊥

A⊥ ut ut C?A?A

?Γ

A⊥

!A⊥

?Γ

?Γ

?Γ

?Γ

A⊥

!A⊥
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Some equivalene equationsAssoiativity of ontration :
?A ?A

?A ?A

?A

?A ?A

?A

?A

?A

∼

C
C C

C
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Strong normalisationMoreover, T (_) allows the simulation :� If t ≡ t′ then T (t) = T (t′)� If t→B t′ then T (t)→+
R/E

T (t′)� If t→rx t′ then T (t)→∗
R/E T (t′)

Sine →R/E is strongly normalising on proof-nets, then we anonlude with the promised resultCorollary The redution relation λrx is strongly normalising for

λrx-typed terms.
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The key tools
� Equivalene relation on terms modelling simultaneoussubstitution.� Controlled omposition of substitutions.
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A redution system without equations

Terms and Substitutions

t ::= x | (t t) | λx.t | t[s] | t(s)

s ::= id | x/u.s | s ◦ s

35



Redution Rules

(λx.t) u → t[x/u]

(t u)[s] → (t[s] u[s])

(λx.t)[s] → λx.t[s]

x[(x/u).s] → u

t[(x/u).s] → t[s] If x /∈ fv(t)

t[s][p] → t[s ◦ p]

(s ◦ p) ◦ q → s ◦ (p ◦ q)

id ◦ s → s

x[id] → x

(x/u.s) ◦ p → x/u(t).(s ◦ p)

u(id) → id

u(y/v.s) → u[y/v](s) If y ∈ fv(u)If
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To be translated to de Bruijn...

37



Conlusion
� Di�ult problems in the domain of expliit substitution havebeen solved with logial tools.� Linear Logi provides a natural framework to model (low level)languages to implement funtional programming.� Expliit operators for erasure, dupliation and substitutionprovide �ne operators for ontrol ressoures.
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