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Part |

Variants of modified realizability



Framework

Intuitionistic logic IL*

Based on 1, A, V, —,V, 3.
Typed We have terms of type i (integers) and b (booleans),
and higher types (for example, i — (b — i)). We
have constants t (true) and f (false) of type b.
A-abstraction We have A-abstraction: Ax. t(x).

[f-then-else We can define Ay, B that reduces to A or B when b
is t or f, respectively.



Modified realizability

Modified realizability mr,

g-variant of modified realizability mq,

modified realizability with truth mrt

mr Ast 1= Aat
x,ymr (AANB):=xmrAAymrB
b,x,ymr (AVB):= xmrA Op ymrB
fmr(A— B) =Vx(xmr A — fx mr B)

f mrVzA :=Vz(fz mr A)

z,xmrdzZA:=xmr A



Modified realizability

Modified realizability mr,
g-variant of modified realizability mq,
modified realizability with truth mrt
mr Ast 1= Aat
x,ymr (AANB):=xmrAAymrB
b,x,ymr (AV B):=(xmrAANA)Op(y mr BAB)
fmr(A— B) =Vx(xmrANA — fx mr B)
f mrVzA :=Vz(fz mr A)
z,xmrdzZA=xmrAANA



Modified realizability

Modified realizability mr,

g-variant of modified realizability mq,

modified realizability with truth mrt

mr Ast 1= Aat
x,ymr (AANB):=xmrAAymrB
b,x,ymr (AV B):=(xmrAANA)Op(y mr BAB)
fmr(A— B) =Vx(xmrANA — fxmr B) AN (A — B)
f mrVzA :=Vz(fz mr A)
z,xmrdzZA=xmrAANA



Comparison of mr, mgq and mrt

Axiom of choice AC and independence of 3-free premises IP

An I-free formula Aef is a formula without V and 3.
AC is Vx3JyA(x,y) — IFVxA(x, f(x)).
IP is (Aef — IxB) — Ix(Aef — B) with x not free in Ags.

Soundness theorems
If ILY &= AC £+ IP - A, then we can extract terms t such that

ILY Ftmr A,
ILY £+ ACEIPFtmgA,
IL* £ ACEIP -t mrt A.

Truth properties

IL“ - xmrA— A | xmgA—A | xmritA—A
Ber V Cet BvC
JzBes d1zB

form of A any




Applications

Extraction of witnesses
If IL“ F 3zA(z), then we can extract a term t such that IL - A(t):

IL* - 3zA(2)

soundness
theorem

IL - t,q mrt 3zA(z)

definition
of mrt

IL“ - q mrt A(t)
truth

ILY - A(t)




Applications

Extraction of choice functions
If IL* - Vx3yA(x, y), then we can extract a term t(x) such that
ILY F VxA(x, t(x)):

IL” + Vx3yA(x, y)

soundness
theorem

ILY F t(x), q(x) mrt Vx3yA(x, y)

definition
of mrt

I EVx(a(x) mrt A(x; £(x)))

truth

ILY F VxA(x, t(x))



Applications

Decision of disjunctions
If ILY - AV B, then we can decide if IL“ - A or IL* + B:

IL“+AVB

soundness
theorem

IL“ - t,q,r mrt (AV B)

definition
of mrt

Il Fqmrt AQ;rmrt B
truth

IL“+AQ: B

definition
of &

IL“FA ift=t
IL*FB ift=f



Framework
Intuitionistic linear logic ILL"

Based on ®, &, ®, —, ¥, 3, !, T, 0.
Typed As before.
A-abstraction As before.
If-then-else As before.

Symbols and contraction

. . AEB AEC AFB AEC
®, & Are conjunctions. We have AAFE® but AT Bg .

@ Is a disjunction.

—o A —o B means that from A we get B using A exactly once
(with "bookkeeping”). We have A /o A® A but A — A& A.
I' 1A means that we can use A an arbitrary number of times. So
A — B means that from A we get B (without
“bookkeeping™).
T,0,!'T Are the identities of &, @ and ®, respectively.



Modified realizability of intuitionistic linear logic

Modified realizability of intuitionistic linear logic | |
Modified realizability with truth of linear logic { }

|Aat] = Aat
[A® Blgw = A ® |Bly
A& B[y b = |A[5 Ob |BL,
[A® Blyw® = [A O |Bly,
A — BIL% = [Alfw — [BIE"
|VZA|;’Z = |A|§z
|E|zA];’Z = \A|§
TA* = !Vy\A\§

Soundness theorems

If ILL“ - A, then we can extract terms t such that ILL* - |A[} and

ILLY + {A}L,



Modified realizability of intuitionistic linear logic

Modified realizability of intuitionistic linear logic | |
Modified realizability with truth of linear logic { }

|Aat] = Aat
A® Bljw = |Al§ © |Bly
A& B[y b = |A[5 Ob |BL,
[A® Blyw® = [A O |Bly,
A — BIE, = |Alfw — |BIE
|VZA|;’Z = |A|§z
|E|zA];’Z = \A|§
A<= IVy|A[§ @ 1A

Soundness theorems

If ILL“ - A, then we can extract terms t such that ILL* - |A[} and

ILLY + {A}L,



Part Il

How to hardwire truth



First heuristic

Relation between mq and mrt
IL“Fxmrt A<~ xmgqAAA.

First heuristic
If you have a g-variant of a interpretation x q A, attempt to find a
variant with truth x t A by defining

xtA=xqAANA.



Second heuristic

Girard's embedding of IL* into ILL*

(Aat)” = Aat
(AAB) = A° @ B°
(AVB)Y =A@ B°

(A B = 1(A° — BY)

(VxA)° = IVxA°

(IxA)° 1= IxA°

Soundness theorem
If ILY - A, then ILL¥ - A°.



Second heuristic

Factorization of mrt in terms of {} and o

ILLY - {A°}* o—o(x mrt A)°

LY ———|LL¥



Second heuristic

Where does {A°}* add A's?
Since {A°}* o—o(x mrt A)°, then {A°}* is adding A’s in the right
clauses: Aat, —, V.

AS, = 1Aa {Ast} = Axt
(AAB)® = A° @ B° {A® B = {A ® {B},
(AV B)° := A° & B° {Ae Bowb = {A 0s{Bh,
(A= B)?:= (A" — B°) {A— B} = {Alfw — {BIE"
(VzA)°® = IVzA° {vzA} , = {A}?
(FzA)° 1= 3zA° {32A})% = {A}

{1A} = Ivy{Al ® A

Second heuristic
If you have a interpretation, attempt to find a variant with truth by
adding A's in the clauses on Ay, —, V.
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Applications



Modified realizability with truth

mr Ast = Aat
x,ymr (AAB):=xmrAAymrB
b,x,ymr (AV B):=xmr AQpy mr B
fmr(A— B) =Vx(xmr A— fxmr B)
f mrVzA :=Vz(fz mr A)

z,x mr 3zA := x mr A

Heuristics application

1. Definexmrt A:=xmgq AAA.
2. Add A’s to the clauses on Ay, —, V.



Modified realizability with truth

mr Ay = Aae N Ase
x,ymr (AAB):=xmrAAymrB
b,x,ymr (AV B):=xmr AQpy mr B
fmr(A— B) =Vx(xmr A— fxmr B) A (A— B)
f mrVzA :=Vz(fz mr A) AVZA

z,x mr 3zA := x mr A

Heuristics application

1. Definexmrt A:=xmgq AAA.
2. Add A’s to the clauses on Ay, —, V.



Diller-Nahm interpretation with truth

(Aat)p = Aat
(AAB)p(x,v;y,w) := Ap(x; y) A Bp(v; w)
(AV B)p(b,x,v;y,w) := Ap(x;y) Op Bp(v; w)
(A—=B)p(f,g, h;x,w) := (Vz<hxwAp(x; fzxw)— Bp(gx; w))
(V2A)p(F:y,2) = Ap(Fz;y)
(B24)0(z,x:y) := Ap(x;)

Heuristics application

1. Define Aps(x;y) := Apg(x;y) A A.
2. Add A’s to the clauses on Ay, —, V.

An application: independence of universal premises rule
(Jgrgensen 2001)

VxAqe — JyB

Jy(VxAqs — B)’



Diller-Nahm interpretation with truth

(Aat)D = Aat A Aat
(AN B)p(x,viy,w) := Ap(x;y) A Bp(v; w)
(AV B)p(b,x,v;y,w) := Ap(x;y) Op Bp(viw)
(A—B)p(f,g, h;x,w) = (Vz<hxwAp(x; fzxw)— Bp(gx; w))A\(A—B)
(VzA)p(f;y,z) == Ap(fz;y) A VzA
(3zA)p(z,x;y) == Ap(x;y)

Heuristics application

1. Define Aps(x;y) := Apg(x;y) A A.
2. Add A’s to the clauses on Ay, —, V.

An application: independence of universal premises rule
(Jgrgensen 2001)

VxAqe — JyB

Jy(VxAqs — B)’



Bounded modified realizability with truth
br Ayt 1= Aat

x,ybr (ANB) :=xbrAAybrB
x,ybr(AVB):=xbrAVybrB

fbr (A— B) :=VYx(x br A— fx br B)
x br 3z <* tA 1= 3z <* t(x br A)
X brVz <* tA:=Vz <* t(x br A)

f br VzA := YuVz <* u(fu br A)

u,x br 3zA 1= 3z <* u(x br A)

Heuristics application
1. Define x brt A:=xbrqg AN A.
2. Add A’s to the clauses on Ay, —, V.

An application: bounded independence of 3-free premises rule

If Az — IxB is a sentence, then = A — EXB* .
Jy(Agr — Ix <* yB)




Bounded modified realizability with truth
br Ast = Ase A Aut
x,ybr (ANB) :=xbrAAybrB
x,ybr(AVB):=xbrAVybrB
fbr(A— B):=VYx(xbr A— fxbr B) A (A — B)
x br 3z <* tA 1= 3z <* t(x br A)
X brVz <* tA:=Vz <* t(x br A)
f br VzA := YuVz <* u(fu br A) A VzA
u,x br 3zA 1= 3z <* u(x br A)

Heuristics application
1. Define x brt A:=xbrqg AN A.
2. Add A’s to the clauses on Ay, —, V.

An application: bounded independence of 3-free premises rule

If Az — IxB is a sentence, then = A — EXB* .
Jy(Agr — Ix <* yB)




Bounded functional interpretation with truth

(Aat)B = Aat
(AN B)g(x,v;y,w) := Ag(x;y) A Bg(v; w)

(AV B)g(x,v;y,w) := V§ < yAg(x; §) V iv < wBp(v; W)
(A — B)g(f,g;x,w) := (Vy < fxwAg(x;y) — Bg(gx; w))
(Vz < tA)g(x;y) :=Vz < tAg(x;y)
(3z < tA)p(x;y) := Iz < tV§ < yAg(x; §)
(VzA)g(f; u,y) :=Vz QuAg(fu;y)
(3zA)s(u, x;y) := 3z < uvy < yAs(x; ¥)

Heuristics application
1. Define Agt(x;y) := Apq(x;y) A A.
2. Add A’s to the clauses on Ay, —, V.

An application: bounded rule of choice
VxdyA

If VxdyA is a sentence, then =—= .
JVVuVx < udy < VWA




Bounded functional interpretation with truth
(Aat)B = Aat A Aat
(AN B)g(x,viy,w) = Ag(x;y) A Bg(viw)

(AV B)g(x,viy,w) = 7§ TyAp(x;§) V YW < wBp(v: )
(A — B)g(f,g;x,w) := (Vy < fxwAg(x;y) — Bg(gx;w)) A (A — B)
(Vz < tA)g(x;y) :=Vz < tAg(x;y)
(3z < tA)p(x;y) := Iz < tV§ < yAg(x; §)
(VzA)g(f; u,y) :=Vz < uAp(fu;y) NVzA
(3zA)g(u, x;y) := 3z < uvy < yAs(x; )

Heuristics application
1. Define Agt(x;y) := Apq(x;y) A A.
2. Add A’s to the clauses on Ay, —, V.

An application: bounded rule of choice
VxdyA

If VxdyA is a sentence, then =—= .
JVVuVx < udy < VWA




Summary

» mr has two truth variants: mq and mrt.

» Case studying them we got two heuristics:
-xmrt Ao xmgAANA ~ xtA=xqAAA
- {A°}*o—o(x mrt A)° ~~ add A's to Az, —, V.
» The heuristics work on:
- modified realizability;
- Diller-Nahm functional interpretation;
- bounded modified realizability;
- bounded functional interpretation.
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