Partial Combinatory Algebras

Definition
Examples
The Lambda Calculus

Partial combinatory algebras (pcas) can be thought of as algebraic
structures that capture a more general notion of computability
than Turing machines and oracle machines.

Definition

A partial combinatory algebra (or pca) is a structure

A = (A, . k,s) such that . is a partial binary operation on A,
k,s € A and the following conditions are satisfied.

Q Vx,y (kx) | and kxy = x
Q Vx,y,z (sxy) | and Vx, y, z sxyz = xz(yz)
© A has at least 2 distinct elements

(Given xi,...,xn € A, we write xj ... x, to mean

(... (((a-x2)-x3)-xa) ... xn) . ..). (xy) | indicates that x.y is
defined). . is referred to as application.
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Partial Combinatory Algebras

Definition
Exampl
The Lambda Calculus

It is often useful to think of elements of A as partial functions
A — A via application from the left.

Definition

A partial function F : A — A is represented by x € A if
Vy € A, F(y) = x.y. If there is such an x, we say that F is
representable.
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Partial Combinatory Algebras Defirtien

Examples
The Lambda Calculus

Example (Kleene)

Define a partial binary operation, ., on N by n.m = ®,(m). Note
that the representable partial functions are precisely the
computable ones. We can clearly define computable functions to
fulfil the roles of s and k. Here, k would accept a number n and
generate a program that returns n on any input. s would define a
program that given input x, returns a program that given input y,
returns another program that given input z runs x and y as
programs with input z, then applies the result of the former to the
result of the latter. This defines a pca, referred to as ;.
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Partial Combinatory Algebras Definition
Examples
The Lambda Calculus

Example (Kleene)

Given, the set of functions N — N, we might define an application
as follows

[ f((n)*g(m)) —1 if 3 (least) mst f({n) *g(m)) >0
frg(n) = { undefinfd otherwise ¢

Note that this does not always give a total function (it might only
be partial). So we instead define an application

g fxg f % g is total
‘€ =\ undefined otherwise

This gives a pca, referred to as Ky, where the representable
functions are precisely the continuous ones.
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Partial Combinatory Algebras Defirtien

Examples
The Lambda Calculus

Example (Scott)

We can define an application on Pw. First fix encodings of finite
subsets of w and pairs of elements of w as elements of w. We write
(,) for the pairing function w? — w, and write n C A to mean that
n € w encodes a finite subset of A € Pw. We can now define
application as

A.B = {c|(b,c) € A,b C B} (1)

This forms a combinatory algebra known as the graph model (of
the lambda calculus). As for Ky, the representable functions are
precisely the continuous ones.
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Partial Combinatory Algebras Defirtien

Examples
The Lambda Calculus

Example (Scott)

Given a directed complete partial order (dcpo), D, we can define a
dcpo, Dy containing D such that D, is a combinatory algebra.
We first define D; inductively by Dy = D and D;y; is the dcpo of
homomorphisms D; — D;. We then define maps ¢; : D; — Dj41,
1/},' I Di+1 — D,‘ by gOo(d) = ()\X)d, 1/}0(f) = f(L), and

wir1(d) = piod o, Yir1(f) = Yo f opj. Dy is then the
inverse limit of D;, ;. Application is then defined as

d.d" = supdiy1(d)) (2)
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Partial Combinatory Algebras

Definition
Examples
The Lambda Calculus

The lambda calculus is a theory designed to model the idea that
functions should be thought of as rules describing a process of
converting one value to another.

Definition

A term (of the lambda calculus) is a member of the class defined
inductively as follows

@ any of a countable supply of free variables x; is a term

@ if s,t are terms, then s.t is a term

@ if tis a term, and x a free variable, then (\x).t is a term

We say a variable x is bound if it appears in a term as part of a
subterm of the form (Ax).t. We say that two terms are equal is
one can be obtained from the other by substituting bound variables
with variables not occurring in the term (so in fact terms are
equivalence classes of the definition above).
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Partial Combinatory Algebras

We say that a term N is obtained from a term M by ( reduction if
M has a subterm of the form ((Ax).L)K, where x does not occur
in K and ((Ax).L)K is substituted in N by the term L[x/K].

This generates an equivalence relation. We can see that the set of
equivalence classes form a pca with s and k given by

(Ax,y, z).xz(yz) (3)
k = (Ax,y).x (4)

This is know as the term model of the A-calculus.
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Partial Combinatory Algebras Definition
Examples
The Lambda Calculus

Theorem

Let A= (A,s,k) be a pca. Then we can find elements
P, Po, P1,0,sn, PN, d, and a subset N C A such that the following
are satisfied. We write n to mean sy(n —1).

Q Va,b € A, pab | and po(pab) = a, pi(pab) = b

@ 0 < N, whenever n € N, we have syn |, and syn € N, and N
is the smallest set with this property

Q@ Vne N, pyn |, and py(syn) = n

Q@ Vn,me N,a,be A, dnmab = a if n = m, and dnmab = b if
n#m
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Intuitionist Set Theory

Realizability Definition of Realizability

Soundness Theorems

IZF (Intuitionist ZF) is the theory based on Heyting predicate logic
(no excluded middle) with the following axioms

Extensionality

Separation

Pair set

Power set

Union

Infinity

€-induction

©00000O0CO0C

Collection
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Intuitionist Set Theory
Definition of Realizability
Soundness Theorems

Realizability

Let A be a pca. Define V,,(.A) for ordinal « recursively by

Var1(A) = P(A x Va(A))

WA) = [J Vs(A)
B<A

Let V/(A) be the class given by |J,con Val(A).

(5)
(6)
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Realizabilit Intuitionist Set Theory
Y Definition of Realizability
Soundness Theorems

Definition
Let A be a pca. Define V,,(.A) for ordinal « recursively by

Var1(A) = P(Ax Va(A)) (5)
W) = | Vs (6)
B<A

Let V/(A) be the class given by |J,con Val(A).

We now assume that we have made a choice of pairing and
projection elements p, po, p1, and natural numbers. These should
satisfy the conditions given in theorem 8 but won't necessarily be
those that appear in the proof. We write (x)o for pox and (x); for

P1X.
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Intuitionist Set Theory
Definition of Realizability
Soundness Theorems

Realizability

Definition (Kreisel, Myhill)

alFxey iff 3((a)o,z) ey,(a)1lFx=z
alFx=y iff ¥(b,z) € x,(a)oblFze€yand
V(b,z) € y,(a)1blF z € x
alF¢Vvay iff either (a)o =0 and (a); IF ¢,
or (a)o =1and (a); IF ¢
alko Ay iff (a)o - ¢ and (a)1 IF 9
al-¢ — 1 iff Vb, blF ¢ implies that ab I ¥
al-—¢ iff Ybe A, (bl o)
alkVx¢ iff Vx e V(A),al ¢la/x]
alF 3x¢ iff dx e V(A),alF ¢la/x]
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Realizability

We write V(A) = ¢ for Ja alF ¢.

Theorem (Soundness Theorem for HPL)

Whenever ¢ is a theorem of HPL, we have

V(A) = ¢

Theorem (Soundness Theorem for I1ZF)

For every axiom of IZF, ¢, we have

V(A) = ¢
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Definition
Automorphisms of Specific Pcas

Automorphisms of Pcas

Realizability

We use following definition of homomorphism of pca.

Definition

Let A, B be a pcas. Then a: A — B is a homomorphism if
Q Va,d € Aa(ad) ~ a(a)a(d)

@ Whenever there is a € A and a term t with free variables
X1,...,Xp such that

Vai,...,apaa1...ap = t[x1, ..., Xn/a1, ..., an] (7)

then also,

Vbi,..., b, a(a)bl...bn = ta[Xl,...,X,,/bl,...,bn] (8)
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Definition
Automorphisms of Specific Pcas
Realizability

Automorphisms of Pcas

Let A be a pca. Then o : A — A is an automorphism of A iff o is
bijection and has the property

Vx,y € Aa(xy) ~ a(x)a(y)
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Definition
Automorphisms of Specific Pcas
Realizability

Automorphisms of Pcas

By a theorem due to Blum, we can see that K1 has nontrivial
automorphisms.
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Definition
Automorphisms of Specific Pcas
Realizability

Automorphisms of Pcas

Example

By a theorem due to Blum, we can see that K1 has nontrivial
automorphisms.

Example

| A\

(Topological) automorphisms of D lift to (pca) automorphisms of
Do..
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Definition
Automorphisms of Specific Pcas
Realizability

Automorphisms of Pcas

Example

By a theorem due to Blum, we can see that K1 has nontrivial
automorphisms.

Example

| A

(Topological) automorphisms of D lift to (pca) automorphisms of
Do..

A

Suitable permutations of w lift to automorphisms of Pw.
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Definition
Automorphisms of Specific Pcas
Realizability

Automorphisms of Pcas

In the term model of the lambda calculus, permutations of the free
variables lift to automorphisms via substitution.

We will later be using automorphisms of the term model, 7,
because of the following useful property:

Automorphisms of T that transpose two free variables, x, and x,
are not representable in T .

We can show that automorphisms of K1, K2, and P(w) are always
representable.
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Definition
Automorphisms of Specific Pcas
Realizability

Automorphisms of Pcas

Let A be a pca. Note that we can lift an automorphism, « of A to
a permutation of V/(.A) recursively by the following equation

a(x) = {{a(a),aly)) | (a,y) € x} (9)
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Definition
Automorphisms of Specific Pcas
Realizability

Automorphisms of Pcas

Let A be a pca. Note that we can lift an automorphism, « of A to
a permutation of V/(.A) recursively by the following equation

a(x) = {{a(a),aly)) | (a,y) € x} (9)

We would like this permutation to preserve realizability in the
sense that whenever a I ¢, we have «a(a) |- ¢~.

However, note that in the definition of IF we made a particular
choice of pairing and projection functions. Since we have no reason
to expect a(po) = po, we should not expect eg that

a((a)o) = (a(a))o. Hence we adjust the definition of IF so that
realizability is preserved by automorphisms.
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Definition
Automorphisms of Specific Pcas
Realizability

Automorphisms of Pcas

Recall that in the proof of theorem 8 we defined the pairing and
projection functions as follows:

P = (My)(Az)zxy (10)
Ppo = (At)t((Ax,y)x) (11)
p1 = (A)t((Ax,y)y) (12)

Also note that true and false are often implemented in the
following way:

‘n
\

(Ax, y)x (13)
T = (Ay)y (14)
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Definition
Automorphisms of Specific Pcas
Realizability

Automorphisms of Pcas

We now write Pair(a) to mean (poa) |, (p1a) |, and

Vx ax ~ p(poa)(p1a)x.
We write False(a) for Vx,y axy ~ x and True(a) for Vx,y axy ~ x.
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Definition
Automorphisms of Specific Pcas
Realizability

Automorphisms of Pcas

Lemma

Suppose that Pair(a). If « is an automorphism of A, then
Pair(a(a)) and a(poa) = poa(a) and a(p1a) = p1a(a).

Lemma
© /f False(a) then False(«(a))
@ If True(a) then True(«(a))

© There is d € A such that for all x,y € A, and a such that
either False(a) or True(a).

[ x if False(a)
dxya = { y if True(a) (15)
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Definition
Automorphisms of Specific Pcas

Automorphisms of Pcas

Realizability

We henceforth use the following new definition of realizability

Definition

alFx ey iff Pair(a) and 3((a)o,z) € y,(a)1lFx ==z
alkx=y iff Pair(a) and V(b, z) € x,(a)oblF z € y and
V(b,z) € y,(a)1blF z € x
alk ¢V iff Pair(a) and either False((a)o) and (a)1 I+ ¢,
or True((a)o) and (a)1 IF
al- ¢ Ay iff Pair(a) and (a)o IF ¢ and (a)1 IF ¢
alk¢ — 1 iff Vb, bl ¢ implies that ab IF ¢
alk—-¢ iff Vbe A, —(bl- ¢)
alkVx¢ iff Vxe V(A),al- ¢[a/x]
alk 3x¢ iff Ix e V(A),al- ¢[a/x]
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Definition
Automorphisms of Specific Pcas
Realizability

Automorphisms of Pcas

Theorem (Soundness Theorem for HPL)

Whenever ¢ is a theorem of HPL, we have

V(A) = ¢

\

Theorem (Soundness Theorem for 1ZF)

For every axiom of IZF, ¢, we have

V(A) = ¢
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Definition
Automorphisms of Specific Pcas

Automorphisms of Pcas resliralsifia

Theorem (Soundness Theorem for HPL)

Whenever ¢ is a theorem of HPL, we have

V(A) = ¢

Theorem (Soundness Theorem for 1ZF)

For every axiom of IZF, ¢, we have

V(A) = ¢

v
Theorem

Let A be a pca, and « an automorphism of A. Then for a € A,
alk ¢ if and only if a(a) IF ¢“.
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Introduction
Definitions

Soundness Theorems
Independence of Choice Independence of Countable Choice

The method of permutation models was first developed by
Fraenkel and Mostowski to show the independence of choice from
ZFA. Similar ideas appear in Cohens proof using forcing to show
the independence of choice, and even countable choice from ZF,
by lifting permutations to automorphisms of the poset of forcing
conditions. Here we show that a similar idea can be used to show
again, this time using only realizability, the independence of
countable choice from IZF.
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Introduction

Definiti

Soundness Theorems
Independence of Choice Independence of Countable Choice

Let A be a pca. Then a normal filter, T, is an inhabited collection

of subgroups of Aut(.A) closed under finite intersection,
supergroups, and conjugation.

Let A be a pca, and let [ be the smallest normal filter containing
Stab(a) for every a € A. Then if Aut(A) acts on a set, X, note
that x € X has finite support precisely when Stab(x) € T.

o

For any pca, A, the set ' containing only Aut(.A) is a filter. Now
if Aut(.A) acts on a set, X, we can see that Stab(x) € I precisely
when Xx is invariant.
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Soundness Theorems

Independence of Choice Independence of Countable Choice

Definition

Let A be a pca, and I' a normal filter over A. Then for each
ordinal, o, define V! (A) as follows

VILi(A) A x {x C VI'|Stab(x) e I'} (16)
Vi(4) U V(A (17)
B<A

Define V'(A) by
Vi) = J va)

a€0n

Andrew W Swan Realizability, Automorphisms, and AC



In iction

Definitions

Soundness Theorems
Independence of Choice Independence of Countable Choice

Heyting predicate logic is sound with respect to V' (A).

The usual proof still holds for VT (.A)
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ns
ss Theorems
Independence of Choice Independence of Countable Choice

Aut(A) acts on V' (A)

Let x € VT (A), and g € Aut(A). Then by €-induction we can
assume that for all (a,y) € x, g(y) € V'(A). Hence it is enough
to show that Stab(g(x)) € I'. But Stab(g(x)) = g~* Stab(x)g and

[ is normal. L]
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Introduction

Definitions

Soundness Theorems
Independence of Choice Independence of Countable Choice

The axioms of IZF have realizers over V' (A).

We essentially follow the usual proof of the soundness theorem for
V(A), checking that any sets constructed do lie in V' (A).
Extensionality The usual proof still holds.

Pair Given a, b € V' (A), let c = {(e,a)le € A} U {(e, b)|e € A}.
Note that Stab(c) D Stab(a) N Stab(b), and hence Stab(c) €T, so
c € VI(A). Then if e is some element of A, and i I Vx(x = x),
we can take f = p(pei)(pei) to get f IFa € c A b € c as required.
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Introduction
Definitions
Soundness Theorems

Independence of Choice Independence of Countable Choice

Union Let e = (Ax)pxi and let b = Un(a), where for each
ac VI(A),

Un(a) = {(e,c) |e€ ANI(f,x) € a(ec) e x}

Suppose g € Aut(.A) is such that g(a) = a. Then if

(e, c) € Un(a), we know that there (f,x) € a) with (e, c) € x.
Then (g(f), g(x)) € a, and (g(e), g(c)) € g(x). Hence
(g(e),g(c)) € Un(a). We deduce that Stab(Un(a)) D Stab(a),
and so Un(a) € VT(A). Note also that for each a,
el-VbVc((c € bA b€ a) — c € Un(a))
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Introduction
ofiniti

Independence of Choice Independence of Countable Choice

Separation Define the operator Sep(a, ¢(x, b1, ..., bs)), where
b1, ..., b, are any parameters appearing in ¢ to be

{(e,c) | Pair(e) A{(e)o,c) € an(e)1lFo(c,br,...,bn)}

Note that if g € Stab(a) N Stab(b;) N ... N Stab(b,), and
(e, c) € Sep(a, @) , then (g((€)o),g(c)) € a, and

(( )1) IF ¢(g(c), b1, ..., bp). As before, we get that
Stab(Sep(a, ¢(b1, ..., bp))) €T, and so
Sep(a, (b1, ..., b)) € VI(A).
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Soundness Theorems
Independence of Choice Independence of Countable Choice

Power Set This is similar to union
Infinity Note that it is enough to find / € V'(A) such that
VI(A) IF0 € I A (Vx € I)Succ(x) € I. Define recursively x* by

x*={(a,yt)ae Ay ex} (18)

Then clearly for all x, x* € VI (A). Let | = wA.

Collection Let g IF Vx € ady¢. Then for (h,b € a, there is a

c € VT (A) such that gh I ¢(b, ). By collection (in the
metatheory), we can find C such that whenever (h, b) € a there is
a ¢ € C such that gh Ik ¢(b, ¢). Note that

C' ={(e,g(c)) | e€ A, g € Aut(A),c € C} is invariant under
automorphisms and hence an element of VT (A). Also, we can
easily find a realizer for VI (A) = Vx € adyp Ay € C'.

Induction The usual proof still holds.
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ess Theorems
Independence of Choice Independence of Countable Choice

We now show the proof that AC, is independent of IZF. We
construct a VT (A) such that V' (A) = -AC,. We use A =T,
the term model of the lambda calculus mentioned earlier, and I
the “finite support” normal filter.

We construct a countable family of inhabited sets (X,)ne, with no
choice function in V' (7). For i € w, let i € 7 be the numeral for
i. Note that since numerals contain no free variables, they are

fixed by automorphisms of 7. Hence the usual & is an element of
vi(T).
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Introduction
Definitions

Soundness Theorems
Independence of Choice Independence of Countable Choice

Now for each n € w, let

A= {(xi)|i<n}

(where x; are the free variables in T').

Since 7 has only finitely many free variables, we can see that

he VI(T).

Earlier we noted that automorphisms transposing free variables are
not representable. This gives the following lemma:

For each n € w, let T be an automorphism transposing free
variables x;, xj for i, i’ < n. Then,

VI(T) I 7 = 7(7)
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Introduction
Definitions

Soundness Theorems
Independence of Choice Independence of Countable Choice

Now, for each n, let
Xo = {{0,0(R)) | o € Aut(T)}

f={(n X, | new}

Note that we have defined X,, to be invariant under
automorphisms, and hence we clearly have f € V' (7).

Also we can clearly construct realizers showing that f is a function
from w to a family of inhabited sets.
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Soundness Theorems
Independence of Choice Independence of Countable Choice

Now suppose that f has a choice function, g € V' (7). That is

VI(T) | Vnew3lx(nx)cg (19)
VI(T) = VYnewg(n) e f(n) (20)
Since g € VI(T), we know that there must exist N € w such that
whenever o € Aut(7) fixes xp, ... xn, o also fixes g. Let
N’ = N 4 2, and note that by 19 there must be some x € V(7))
such that
VF(T) ): x € Xy (21)
VI(T) E (Wox)eg (22)
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s Theorems

o] S
Independence of Choice Independence of Countable Choice

By 21 and 22, there must exist o € Aut(7), such that

VI(T) | x=0o(N) (23)
VI(T) = (W,o(N))eg (24)

Now choose n, n’ such that o(n),o(n’) > N, and let 7 be the
automorphism lifted from the transposition of o(n) and o(n’).
Then 7 fixes g, and so by 24,

VI(T) = (W,roo(N) cg (25)
Then applying 19 gives

VI(T) E roo(N)=co(N) (26)
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Introduction
Definitions

Soundness Theorems
Independence of Choice Independence of Countable Choice

Finally, applying 0! gives

VI(T) E o loroo(N)=N (27)

and we get a contradiction by our earlier lemma.
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Introduction
Definitions
Soundness Theorems

Independence of Choice Independence of Countable Choice

Note that we can show that for any n,
VI(T) = Vx (x € — =—x € i) A (x € h — =—x € 7)

So, if we could switch to classical logic at this point, we would get
a proof that, for each n, i =0, and hence that each X} is a
singleton.

Hence, this proof shows that it is consistent with IZF that there is
a sequence of inhabited sets with no choice function such that
each set is “almost” a singleton.
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